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We define the potential polynomial Fjjz’ and the exponential Bell polynomial B,, (0, . . . , 0, 
fP fr+,* * . . ) and we prove a theorem relating the two. Though not well-known, the theorem has 
many applications, some of which we discuss in this paper. fn particular, the theorem provides a 
systematic approach to a number of formulas and identities involving Stirling numbers and 
associated Stirling numbers. 
For ra0 and fr # 0, let F(x) = CFErfiLxk/k! be a formal power series. For 
complex z we define the potential polytromial F:) by means of 
(l..l) 
and if r > I., we define the expcnential Bell Polynomial B,,, j(O, . . . , 0, f,, fr+ l, . . . ) 
bY 
a0 
(F(x))’ = i! &,j(O, l - - 9 O9 f-3 fi+l9 l l l ) x”ln!* (1.2) 
n=O 
Thus if j is a positive integer, 
(1.3) 
e are using the terminology and notation of Comtet [6, pp. 133, Ml]. 
e following theorem is not well-known, or at least not fully appreciated. 
If I+!’ is defined by (1.1) an n,j is d y (1.2), then 
_- = 
k P , fr9 . . J i 
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The first equality could be writ&. 
(1.4) 
The purpose of this paper is to give a proof of Theorem 1.1 and to point out 
some of its applications. Though most of the applications are not new, Theorem 
I. 1 provides a unified, systematic approach + 3 baern that has not been emphasized 
in the literature. To the author’s knowledge, tht. theorem has never been stated 
exactly as it is in this paper. The first part of the theorem for r =: 0, f0 = 1 and the 
second part for z any integer are given, in disguised terms, ir [5, p. 1421. We also 
note the close relationship of Theorem 1 .l to the recent k,-:d)rk of L. Carlitz [3], 
[5]; the methods of this paper are different from those of Cqrlitz, however. 
A summary by sections follows: 
Section 2 is a preliminary section containing the basic deiinitions, theorems, 
notation and terninology we need. In Section 3 we give a prclof of ‘Cheorem 1.1. 
n Section 4 we examine the coefficients of FF’ in light elf Theorem 1.1. In 
particular, we see that Ff’ is a polynomial in z of degree s k; the degree is k if 
fr + ,# 0. Section 5 deals with applications of Theorem 1.1 involving Stirling 
numbers. In particular, we have the formulas of Schlafli [_I 51 and Gould [7] 
expressing the Stirling numbers of the first lkind in terms of thf: Stirling numbers 
of the second kind and vice versa. Most of the formulas of ;4] relating Stirling 
numbers and associated Stirling numbers are derived in this section. In Section 6 
we generalize the results of Section 5 to the degenerate Stirling numbers [ 1, 91. In 
Section 7 we generalize the results of [8] by showing how NSrlund’s polynomral 
BLZ) and other special cases of Ft) can be expressed simply in terms of the 
p~~lynomials V( k, j, z) defined by 
(1 -&)*[x(ex -f- l)-2(ex - l)]j =j! V(k, j; Z)Xk/k!. 
k=3j 
Throughout this paper we use the theory of formal power series as outlined in 
1’6, pp. 36-431. Al so, if z is a complex number we use the following notation: 
(z)k ==z(:.:--+**(z--k+l), 
(z)k =z(z+I)* l l (Z+k--d), 
= (t Ik/k! 
To prove 
.plex z, 
we need the bino ial theorem [6. p. 37 or com- 
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We now define the Stirling numbers. These numbers have been extensively 
erties are Nell-known. See, for example, [6, Chapter 51, 
[!2, Chapter 41 and [14, Chapter 45. We inchtde here their definitions, in terms of 
generating functions, and a few basic properties. 
The (unsigned) Stirling number of the first kind, s(n,j), is defined by 
s(n,j) = Bn,j(O!, l!, 2!, . . .), (2.1) 
that is, 
(-log( 1 - x))’ = s(n, j) x”/n!. 
It is well-known [6, p. 2131 that 
(2.2) 
j-0 
and, in fact, (2.2) is often used as the definition of s(n, j). We also have 
s(n + 1, j) = ns(n, j) + s(n, j - 1). (2.3) 
The Stirling number of the second kind, S(n, j), is defined by 
S(t2, j) = Bn,j(l, 1, 1, - - .), (2.4) 
that is, 
(e” - 1)’ = ( i x’/k!)j = j! f S(n, j)X"/?Z! 
t=1 n=l 
T’ne recurrence formula is 
Sbn+l, j)=jS(n, j)+S(n,j-1). (2.5) 
The associated Stirling number of the first kind, d(n, j), is defined by 
d(n, 1) = Bn,j(O, l!, 2!, . . .) cm 
and the associated Stirling number of the second kind, b(n, j), is defined by 
b(n,j) = B,,j(O: 1, 1 . . .). (2.7) 
We are using the notation of Riordan 114, . 73, 771 for these 
definitions (2.1), (2.4), (2.6) and (2.7), we s 1 derive, in !kctim 
ships between the St%ling and associated 
A special case of (1.1) of interest is No y [l3_ 
t follows that 
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polynomial b(kz) d&led hy 
(2.9) 
It follows that br) = (- l)kk !&, whlere 6k is the ~~noulli number of the s<econd 
kind [ 12, p. 2791. 
Another special case of F<kL) that we use is ‘(hi, defined by 
The case A = -1 gives 
2 = ( 1 z-i = 
(2.10) 
(2.11) 
which appears in Narlund [l6, lb. 1431. The case H’,“(h) is the Eulerianl polyno- 
mial [4], and CL1’/‘2k = Gk+l/(k + I.), where Gk+l is the rlirenocchi numlber. It is 
known [6, p. 491 that G2,, = 2( 1 - *22n)B2n. 
If we differentiate both sides of (2.8) with respect to x and compare coefficients 
of x, we have 
(z+l) 
Bk 
z-k 
=-- BjcZ’- kB(kr_ll. 
z 
It follows from (2.3) and (2.12) thlat 
(2.12) 
B~“‘~=s(n, -k), Ock<n. (2.13) 
Similarly we have 
(z+l) 
bk 
z -- k 2-z-b;‘+ z k(z - k + 1) b(r> 
k-1, (2.14) 
and (2.5), (2.14) yield 
bjr”=S(n, n-k), Osk<n. (2.15) 
quations (2.13) and (2.15) :lre not new. 
ial numbers and polynomials will be defined and used 1ate:t in the 
sing the nMation 0 
“,hk ! = 
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where ci ==fr+iLfr('zi)].m'. or convenience we let g = I+ E= l CiX'/i !. 
mial theorem, 
,j(Cl, C2, C3, l . . ,) lk Xk !a 
It is clear from the definition of &j tlhat 
Bk,j(Cl, c2, c3, . . . 
r! 5 
) 0 k! 
Comparing coefficients xk on both sides of (3.1), we have 
l(z)j$$$ Bk+d,j(O, - -- 3 0, fr+l, . . .). 
. 
(3.1) 
(3.2) 
Hf we multiply both sides of (3.2) by (k;‘), we get the second equality of Theorem 
1.1. 
Tile proof of the first equality is suggested by Comtet [6, p. 1421. Since xk will 
,jot appear in (g - 1)’ for j > k, we see from (3.1) that pt) is the coefficient of 
xk/k! in 
Thus we have 
(3.3 I 
des of (3.3) by (k;‘), we 
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It is clear from (3.2) that pt’ is ,a polynomial in :: of degree k if fr+l $: 0. In fact, 
the ooefhcient of :tk will be 
rf fr+l = 0, the degee of F;) is less than k. If frti = 0 for i = 1, . . . , m - 1 and 
Is,+, # 0, the degree of F’!zj is j and, in general, the degree of F’,‘)~s[&~]. If 
f r+i=O for r=J,...,m-1 and either f;+,>Q for all nam or fr+ntO for all 
n 2 m, then the degree of Fi,” is [&n]. These comments follow from (3.2) and the 
dc finition of the exponentit Bell polynomial. 
If we write 
then by (3.2) we have 
For examp!e. 
so in this case PC’ = (-1)“~~. By (3.2) we have 
zn = (-l)'+"(Z)jS(n, i), 
j=O 
which is a well-known formula. Now (4.1) (or (4.2)) implies 
(-lJkfi S(k, i)s(i, i) =: 8j,kr 
r.=j 
(4.1) 
(4.2) 
(4.3) 
1 if j = k and is 0 otherwise. Equation ( .2) also implies 
(-l)i’i s(k, i)S(i, i) = 6j.k. (4.4) 
t=j 
T’o see this, we substitute (4.2) into (2.2) and compare coeficients of (Z)j for 
For Norlund’s polynomial (kz) defined by (2.8), we 
(2) = 
k 
i 
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where b (k + j, j) is defined by (2.7). Ic this case the coefficient of z i is 
ak.j = - b(k + i, i)s(i, j), 
so for example, ak,k = (-2)-k, &k-l = \$)2-k(-l)k-‘, 3. 
Similarly, we have 
b(kz’= 
i=O 
(-l)‘(Z)i & d(k +j, j), 
. 
(4.6) 
where b(kZ) is defined by (2.9) and d(k + j, j) by (2.6). The coefficient of ti in (4.6) 
is 
ak,i = - d(k + i, i)s(i, j). 
For the polynomial I$;)@) defined by (2.10), we have 
k 
H(kr’(A) = (A - l)-‘(Z)iS(k, j) 
and for z == 1 this reduces to a formula of FrobeniLs [6, p. 2441: 
H(kl’(h) = (A - l)-ij! S(k, j). 
i=O 
For H’,“(h) the coefficient of zi is 
(4.7) 
a (A-1)-i S(k, i)s(i, j). 
i=i 
The Stirling numbers and associated Stirling numbers sathfy the 
following relations. 
(5.23 
(5.3) 
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i4---k b(n - k + j, j), 
b(2k-9 k-j), 
d(2k --a’, k -j). 
. By Theorem 1 .I .we have 
(5.6) 
(5.7) 
(5.8) 
(5.9) 
(5.10) 
Equations (5.i)-(5.4) follow immediately from (2.13), (2.15), (5.9) and (5.10). 
Equations (5.1) and (5 2) are noteworthy because they express the simplest 
known relationships between the Stirling numbers of the first and second kinds. 
Formula (5.1) was proved by Schlafli [ 151 in 1867 (Schlijmilch [16] proved an 
equivalent formula in 1852), and (5.2) was evidently tist proved by Gould [7]. 
Equations (5.5) and (5.6) require the following lemma, which is of some interest 
in its o’vn right. 
With the notation of Section I, 
Rl,j(O, - * l 9 09 ft.+19 l - J 
= 
notation of Section 1, we have 
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eturning to (5.§), we have, by the lemma and (5.4), 
j=O 
(-l)i(;)(“;+;‘+7’). 
It is not difficult to see that the inner sum in the last equation is ([T’,) [ 12, p. 711, 
and (5.5) follows. Equation (5.6) is proved in the same wag. 
Equations (5.7) and (5.8) follow immediately from the second part of Theorem 
1.1 by replacing 9: by -n. These two equations are th(: principal reasons the 
associated Stirling numbers were first defined; they prove that S(n, n - k) and s(n, 
y1- k) are both polynomials in n of degree 2k. 
This concludes the proof of Theorem 5.1. We note that formulas equivalent to 
those in Theorem 5.1 have been worked out by Car-lit2 [3-51 using a different 
method. 
When we replace z by -n in the second part of Theorem 1.1, we actually get 
results more general than (5.7) and (5.8). We state this as a theorem. 
For 00, k>O, 
wIfrY~~k+rn. JO, * - - , 0, fr, fr+ I’, . > .) 
=(k+rn)(k+rn-l)*..(ia.+l)P,k(n) . 
where P, k(n) is a polynomial in n of degree G k. The degree is k if f,.+, f 0; in fat,! 
-R.k (n) = 
Several formulas involving Bernoulli numbers and Stirling numbers follow 
immediately from Theorem 1.1 when z = 1. We state these in the ne:xt theorem. 
All of the special numbers in this theorem were defined in Section 2. 
relations. 
The Stidinp numbers card Bernoulli numbers satisfy the following 
(5.11) 
(5.12) 
n 
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B, = (- l)‘i! S(n, j)/o’+ 1). 
j=O 
(5.14) 
(5.15) 
Formulas (Ml)-(5.14) are obvious by (3.2) and (3.3). To prove (5.15), we 
let w be a real variable, 0~ w s 1. By Theorem 1.1 we have 
(1 + w(e” - l))-’ = 
d 
1 
(1 + w(ex 
??j S(ll, i)W’) X”/fl!, 
I(-l)j(Z)j S(& i)/(i + 1) X”!PI!* 
) 
If t f 11, the left side becomes, after integration, (eX(l--L)-l)/( 1- z)(ex - 1) and by 
comparing coefficients of x”/n! we have 
whkh 
(5.15) 
?rhe 
where 
n 
will be x/(e” - 1) and 
(--l)‘(~)~ S(n, i)/(j,+ 1) == B, +’ 
tl+l 
i c ) 
i (1 - 2)“-’ Bj/(n + l), (5.15) 
generalizes the familiar (5.15). If z = 1, the integral 
follows. This concludes the proof of Theorem 5.3. 
proof of (5.15) implies 
1 
E&,(1--h- ‘)dh == B,, 
1 
H,,(A) = H!,!‘(h) is defined by I2.10). We not at by properties 0 
ernoulli number 16, p. 481, (5.16) implies for integral 
((1 +A.W - ll)‘=j! 
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Quite a few properties of the degenerate Stirling numbers have been worked 
out in [I] and [9]. First of all, we note that by (6.1) and (6.2) 
S(a, i i A)=B,j(l, l--A, (l-A)(2-A), (l-h) (2-3)(3-A), . . .), (6.3) 
S(Z, j 1 A)=B:,(l, l-A, (l-A)(l_2h), (I.-A)(l_2A)(l_3A), l l l ).. 
(6.4) 
We also have the recurrence formulas 
s(n+l, kIA)=(n-kA)s(n, klA)+s(n. k-llh), (6.5) 
S(n-t-l,kIA)=(k-nA)S(n,k)A)+S(n,k-1)A). (6.6) 
Corresponding to the associated Stirling numbers are d(n, j 1 A) and b(n, j 1 A) 
defined by 
d(n, j 1 A)= B,,JO, 1 -A, (1-A)(2-A), . . .), 
b(n, j 1 A)=B,i(O, l-A, (l-A)(1_2A), . . .). 
Analogous to B(kZ) and b(kz’ are @p)(A) and a’,“(A), defined by 
(6.7) 
6% 
(6.9) 
a’k”(A)xk/k!. 
Proceeding as we did in Section 2, we have 
Li:i”‘(A)~~aPI(A)+~(A(~-k+l)-zrgpll(A)~ 
% 
ap “‘(A) -_fi- (b) cc - 1 r Q& (A)-k l--A-- 
( ) 
af.j ,(A), 
and therefore:, hy (6. ), (&6), (6.11) and (6 
(6.10) 
(6.W 
(6, ;I%) 
e define the degenerate Bernoulli numbers of the first and second kinds to be 
&(A)= &“(A) and ark(A)= cy ‘,“( A) respectively. Corresponding to Theorem 5,3, 
we have 
. The followi’ng relations hold. 
P,(h) = 
. (n + 3. 
j=o 
(-‘)l\j + 1 ) S(n +i, i I A)/ in;?, 
a,(X)= i (-l)j(;L+;) sb+j5 i 1 A)/(n+l), 
j ~0 
t-i, j 1 A)/(n+3), 
+ j, j 1 h)l(nl?q, 
P,--j(A)l(j + 1) = (-l)jj! S( n, j 1 A)/(j + 1). 
j=O 
Thm-em I. 1 is useful in providing the orthogonaIlity property of the degenerate 
Stirling numbers analogous to (4.3) and (4.4). Since 
(l+Ax)= = 
n ( ’ 
-rz, (Ax)“, 
we have, by (X2), 
z(.z+A). l (z+(n-].)A)= (-l)‘+“(Z)j S(n, i 1 A). 
i 
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(k, i 1 h)s(i, j 1 A) 
w, j, 2) 
Let z bc a complex number and j, k nonnegative integers. We define V(k, j, z) 
by means of 
m 
(1 -jx)‘[x(e” + 1)-2(e” - l)]’ =j! V(k, j, r)x”ln!. (7.1) 
k=3j 
The integers V( k- j, 0) = V( k, j) and V( k, j, 1) = A (k, j) were studied in [8] and 
shown to be related to the Bernoulli numbers, Genocchi numbers and other 
specia.1 number scyuences. It is clear from (7.1) that 
V(n, j, d = ’ (z)~ (3(-2)~‘V(n - i, j). 
i=Q 
(7.2) 
In this section we use Theorem 1.1 to generalize the results of [8]. We first need 
to define some special numbers. Definition (7.1) is motivated by the generating 
function for the van der Pol numbers V,, [ll, 171. These numbers are closely 
related to the Rayleigh function of order 3 and are defined by 
ix3 Q1 
x(ey + 1) - 2(e’ - 1) = 
V,x"in !. 
Also useful to us in this section are the numbers A, defined by 
A&'/n!. 
The properties of these numbers are discussed in [lo]. In [8] it was shown that 
2-‘A(n +j, j) 
n+1 = 
n 
1 i ’ 
vn = 
i 
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where G, is the Genocchi number defined in Section 2. To generalize these 
formulas we first define A(kL) amd VF’: 
L ix3 > 
z OD 
(ex+ 1)-2(ex - 1) 
Vf’xk/k!. 
(7.3) 
(7 4) 
The polynomials A:’ satisfy the recurrence 
which can be compared to (2.12), while there is apparently no simple recurrence 
for the \Pt’. The polynomial Ct’ in the next theorem is defined by (2.11). 
. The following relations hold. 
B~‘=rf12-j(Z)j& V(n+ j, j, Z), 
j=O n . 
In/31 
c(z) = 2n 
n 4-Wi Wn, i, z), 
j=O 
a 
one oE 
The last equation follows immediately from Theorem 1.1. Let F’!z’ be any 
B(Z) C ylz) n 9 n 9 A’,“, and define F,‘(z) by 
(7.5) 
where 
eorem 2.1 (or (3.2)), 
F:(z) = :z)i(z)j gA$i 
e .* 
V( i -t rj, j), 
an’d by (7.5), 
yt1_ i--n 2 
n - 
-1’ 
(7.6) 
(7.7) 
Pol’ential and Bell polynomials 143 
We now substitute (7.6) into (7.7), switch summations and simplify, usmg (7.2), to 
obtain the first three formulas in Theorem 7.1. This completes the proof. 
It is clear from (7.2) that V(n, j, z) is a polynomial in z of degree n - 3j. Also 
V(0, 0, 2) = and V( n, j, z) == 0 if n < 3j. The coefficient of zm is 
s(i, m) V(n -i, j) 
and 
V(n, 0, z) = (-2)-n(z)n, 
V(n, 1, z)= 
i=O 
(Z)i(-2)-'(~)(n-i-2), 
V(3x, n, z) = V(3n, n) = (3n)! 6-“/n!. 
From (7.1) we have 
V(n, j, z) = V(n, j, z - l)- nV(n - 1, j, z - 1)/2, 
so, for example, A( n, j) = V(n, j) - nV(n - 1, j)/2. Since the V( n, k) are all 
positive integers [8], it follows that 2n-3iV(n, j, z) has integer coefficients. 
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